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More Minutia: Rotational Inertia
and the Moment of Inertia

’fﬁer e is a rotational counterpart for every translational concept and para-

meter out there. So what can we say about the energy content of a rotating disk?

Moved a distance r, units from the center of a
disk rotating with angular velocity ® and you will
find the i"" mass m, moving with translational
velocity V.. It’s kinetic energy calculates as:

KE. = %mi (Vi)2

1

To get the total kinetic energy for the entire
mass, this process has to be done for all the
masses with the results summed, or.

KE=Y KE, = Z%mi(vi)z
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Q\foting tﬁatvi =1, We can rewrite that summation
yielding:

KE = ) KE,
5!
—2

oy

Comparing this to KE = /2(111)V2 leaves us with '%2 and a velocity term
squared, and a mass related term in parentheses.

This mass-related term is 1= Zmiriz. It 1s called moment of inertia. 1t is

always defined relative to an axis and it is the rotational counterpart to mass
. which is to say, it is a relative measure of a body’s resistance to changing its
rotational motion, or 1ts rotational inertia.
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‘Moment @C inertia

Tﬁ@f()?’ m Z(miriz) is clearly meant for point masses. For example, imagine two
equal masses at the end of a rod of length L.

1. Determine the moment of inertia about the central axis for the set-

up shown below. Assume the rod is massless and the masses equal in
magnitude.

central
I |
axis
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‘Moment @C inertia

2. Determine the moment of inertia about an axis through one of the
masses as shown. Assume the rod is massless and the masses equal in magnitude.

axis of
ipterest

end
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‘Moment @C inertia

3.) Determine the moment of inertia about an axis a length L units to
the left of the left mass. Again, assume the rod i1s massless.

axis of
interest

- EE e e e . .
A

»

»

Ioutside — Zmiriz — m(L)2 + m(2L)2 — 51’1’1].42

?d?’tiﬂg SﬁOt’ The moment of inertia gets bigger and bigger as you get farther

and farther away from the body’s center of mass.
6.



fxamy[a 2. Consider two masses m and 3m located a distance 1.0 meter apart.
Relative to the coordinate axes shown:

a.) Determine the moment of inertia about
the y-axis through the x-axis center of mass:

m, = 3kg m, = lkg

= Ym(x) 1

X, =—.25 X, =.75

=m,(x,) +m,(x,)
= (3 kg)(-25 m)" +(1 kg)(.75 m)’
=75kgem’

b.) Determine the moment of inertia about
the y-axis as shown:

I, =Zmi(xi)2
—m, (x,)} +m, (x,)
= (3 kg)(—.S m)2 +(1 kg)(.S m)
=1.0 kgem’
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Notice the moment of inertia about the center of mass is smaller than about the

other axes denoted. This is always true. [ is always a minimum.

c.) Determine the moment of inertia Y, m, =3kg m, = 1kg
about the x-axis:

So what is this approach asking youto Y1~ 2
do? It is asking that you begin at the axis
of interest, proceed outward until you run

into some mass, multiply the mass by the
distance-out-quantity-squared, and sum

all those quantities up. For this problem, that will look like:

I, :Zmi(yi)z
=(m, + m2>(3’1)2
= (3 kg+1 kg)(2 m)’
=16 kgem’

Note: The closer a body is to an axis of rotation, the

I, >1,

smaller its moment of inertia is about that axis. _-_-_ L 0)




Reminders about moment @C nertia

Tﬁe moment @C 1nertia is the rotational counterpart to mass.

— ‘Mass is a measure of 1nertia: more mass means more resistance to
acceleration.

— For a rotation, the distribution of mass about the axis of rotation i1s what
matters in terms of resisting angular acceleration

* An object has a given amount of mass--that doesn’t change, but its moment of
inertia may be different about different rotational axes (e.g. about one end vs.
through center of mass)

Wﬁen mass 1is fd?’tﬁ@?’ from the axis of rotation, the moment of inertia

increases.
— Solid disk vs a ﬁooy with the same mass: which has greater I?

The hoop: the mass is concentrated farther out from the axis of rotation (through the
center of the disk/hoop). (For your information, I, = MR? whereas 45 = 2 MR?)

This means the disk will angularly accelerate more quickly for the same applied

torque.
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T ﬁings To Know About ]

‘Ever Y oﬁject has a moment of inertia expression that allows you to determine its
rotational inertia about a particular axis. A greater moment of inertia means it’s
harder to change the object’s rotation motion (just like more mass means it’s harder
to accelerate an object).
These expressions can be derived using calculus. This is not something you will
be tested on.
— You should know that the general form for moment of inertia for a point

mass is mr? (where r is the distance between the axis of rotation and the
location of the point mass)

— flf there are multiple point masses, you just sum their individual Is.
— For more compﬁcateof sﬁa]oes, you’ll be given the I for that shape (or given
everything else and asked to find it—see table on next slide).

ﬂf you know the moment of inertia about an axis thru the center of mass and
need one about a parallel axis, use the Parallel Axis Theorem (three slides down):

Iparallel = Iy + Mad* 10)



Tﬁe mﬁ[efrom Fletch’s

book 1s shown to the right.

There 1s a similar table in the
Open Stax textbook for the

class. Notice that the moment of
inertia of a hoop (which 1s just a

very short, thin cylinder) about
its central axis is quote as:

I = MR"

just as we surmised. You will
not be required to derive any of
these quantities, but you will be
expected to know what to do
with them in a problem when
they are provided.

thincylinder

Ring or Solid cylinder
Annular Cylinder R (or disk) about
about central axis cylinder’s

central axis
1= (12) MERERD) - 3
- + =
) R2 2 I=(1/2) MR
Thin spherical Solid
shell about any i sphere about any
central axis : central axis
2 2
I=(2/3) MR i I =(2/5) MR
!
Hoop about Hoop about
diameter ' central axis
- 2
I=(1/2) MR I=MR
i
Thin rod about Thin rod about
axis through rod's . axis at rod’s end
center and ' and perpendicular
perpendicular ! to central axis
]

to central axis

I=(1/12) ML2

1=(1/3) ML?

Slab about axis
through center
and perpendicular
to slab's face

I=(1/12) M2+ 1)

< a > |

Disk or Solid
Cylinder about
central diameter

2 2
I=(1/4) MR + (1/12) ML




Wﬁere 6[065 d| comefromfor a C[i5£7

dr
dm = (—2%° ) differential volume)
volume
(M
= - ) (27r tdr)
\TRt So the moment of inertia is:
(M
= \F) (2 rdr) I=| r’dm
2M R 2M
= [F) (rdr) = I:Orz[? dr
2M
= F ROI'3 dI'
R
Example Of derivation Of _ 2M (I‘A'\ Disk of mass “m”, radius “R” and
) ) — F Z thickness “t”’
moment of inertia for a =0
continuous mass--NOT _M (R“ - 0)
something you will be 2R*
tested on! _1vre
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Parallel axis theorem

Sometimes, we know the moment of inertia about the center of mass, but we

need to figure out what it 1s about a different rotational axis (e.g. around one end
of a rod). To do this, we use the parallel axis theorem.

The Parallel Axis Tﬁeor em states that if you know the moment of inertia

about the center of mass (I,,) and want to know it about a different axis that is a
distance d away:

Iparallel = Iy + Md?

‘For exam]o[e, the moment of inertia about the center of mass of a uniform rod

of length L 1s %M L2 . The moment of inertia about one end is then: long =
2

—ML? + M(Z) =ML

12 2 3
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Rotational N2L -- Full Form

Putting 1t all together, we now can say:
Y1r=I«a

In words: the angular acceleration of an object depends on the net torque
about the axis of rotation and the moment of inertia of that object about that
same axis. Put differently, the net torque on a body about a particular point 1s
proportional to the body’s angular acceleration about that point, with the
proportionality constant being the moment of inertia about that point.

T ecﬁnica[[y, torque and angular acceleration are vectors, so a direction 1s
required. However, for all our problems, the plane of rotation will be in the
page, so the unit vector will be assumed to be k. We won’t need to write that
for these problems, but we will need to keep track of positive and negative
signs to indicate the direction of rotation.
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’l\lel/’l examy[e (8.32)

For the system shown here, what torque around point O is required to produce
an angular acceleration of 1.50 rad/sec/sec about:

— A) the x axis
— B) the y axis
— () the z axis (out of the page)

6m
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8.32 continued

We want to determine T using T = I, which means we »
need to find I for a rotation about the x axis. There are four 3 : 2
point masses, so we need to sum their individual moments . 8
of inertia. Their distances (d) from the axis of rotation are - ==l 6
therefore their y coordinates: | m
2 : 4
kg e—> kg
I, = ZmiYiz 4
=(2 kg)(3 m)* + (2 kg)(3 m)” + (3 kg)(3 m)” + (4 kg)(3 m)* i
=99 kgem’
Now, using N2L.:

rad
T=ILa= (99 kg -m?) (1.505—2) = 149 Nm
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8.32 continued

For a rotation about the y axis, we do the same thing,
but now we use each point’s x coordinate as their
distances from the axis of rotation:

I = Z:mixi2
=2 kg)(2 m)* + (2 kg)(2 m)* + (3 kg)(2 m)* + (4 kg)(2 m)”
= 44 kgem’

Now, using N2L:

5 rad
T=Il,a=(44kg-m )(1.505—2) = 66 Nm

: 2
kg kg
— -— -X 6
m
2 | 4
kg e—— kg
4
m
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8.32 continued

For a rotation about the z axis, we do the same thing, but
finding each mass’s distance from the z axis (out of the
page) requires finding the distance to O. Back to our trusty
friend Pythagoras...

r= \:"(2 m) +(3 m)’ 3 ”{

=viim

So for the z axis:
=) mr’
=(2 kg)(v13 m)* = (2 k)13 m)* = (3 kg)(v/13 m)* = (4 kg)(v/13 m)’
=143 kgem’
And finally...

rad
T=La= (143 kg - m?) (1.50 5_2) =215 Nm
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Our lab Jaroﬁfem - with a twist! (fitemf[y..)

You've done a pr 0blem in which the tension keeps the rigid body stationary
(your lab!). What is the angular acceleration of the beam if the rope is cut, and
what is the translational acceleration of a point at the end of the beam?? You may
assume the moment of inertia about the beam’s center of mass is (%2)ML2 (we
are leaving off the hanging mass to simplify this)
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FBD and concepts

Last time, all the torques were balanced as the

tension force held the beam steady. Now, when
the rope 1s cut, the beam will start to fall down
and rotate clockwise.

H and 'V are once again through the axis of

rotation, so they do not produce a torque. We
have two forces that do, so let’s sum the torques
about the pin (this will eliminate our need to deal
with H and V). Using the moment-arm
approach:

thin :
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To find the angular acceleration, we need the moment of inertia about the pin.
Unfortunately, what we have 1s I about the beam’s center of mass. To get what we
need, we will use what is called the Parallel Axis Theorem:

The Parallel Axis Theorem states that if you want the moment of inertia about an axis
PARALLEL to an axis through the center of mass that you know the moment of inertia
for, you can get the new moment of inertia by taking the center of mass moment of inertia
and adding a fudge factor equal to the object’s mass times the distance D between the two
parallel axes squared, or: Axis thru

c.of m. secondary
2
=1 +Md

axis
sec ondary c.of m.

Remember that “d” in this equation is the distance
between the axis through the center of mass and the
axis through the point you are interested in. In the
case of our ladder problem, the distance between the bzt)‘(’zfs‘en
ladder’s center of mass and the pin is “L/2,” so in this

case, that 1s “d.”
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For our ladder Jaroﬁfem, remembering that its moment of inertia about its center of
mass 1s given, we can write:

Iend: Icm +M d2
2
(L lam| L
12 2
:1ME
3

and our Newton’s Law expression becomes:

szin :

p
- £cosO (mg)z—l O

_i%cose<(9{g)=—(§/u{L/ja
. a:(%cose](g)
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As for the translational acceleration of a point on the beam, we an use:
a=10

We want the translational acceleration of a point all the way down the beam at its
end. Remembering that the acceleration relationship stated above measures “r”
from a “fixed point,” (which in this case would be the pin), r = L for our situation
and we can write:
a=ro
=L
3

= %(Zcose)(g)

3
:—gcose
2

n summar y.’ Use N.S.L., rotational style (sum of the torques, etc.); calculate

the right moment of inertia using the parallel axis theorem if needed; use a =ro if
required.
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Ball roffing down an incline

Determine the acceleration of the ball as it rolls down the incline. Assume you
know the incline’s angle, the ball’s mass and radius, and assume its moment of inertia
about its central axis is I= (%)mR2

How does a ball roll? Something
must be required to allow it to rotate
about the point of contact — that
means keeping the point of contact
motionless as the ball rotates around
it. What could do that?

24.)



Ball roffmg down an incline

For the acceleration of the center of mass,
the translational version of N.S.L:

ZFX ;

—mg sinQ + f= —ma

For the angufar acceleration about the

center of mass, the rotational version of N.S.L:

ZTCM:

OR) =1,

- o) 5

= (= (5](3)

y\
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C omﬁining, we get:

—mg sin@ + f = —ma
, 2
= —mg sinf + gma= —ma
= }x{g sin@ = }x{
—g sinf
=5 g

But wait! There's another way! What if we found the angular acceleration about
the contact point?

ﬂf we were to sum the torques about the

contact point (which is, instantaneously, a ZFP<C°ntact poing) -
fixed point), we would get (see next page (mg)(R sinB) =1, o
for justification):
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Alternate Ba[ﬁ’ng roffing Problem

From previous page: er(contact point) -
(mg)(R sin6) =1, o

TO fim’s ﬁ r ﬁiS ‘Zﬁ{ we need to know the

‘1w _JJ

moment of inertia about the contact point “p
and the relationship between the acceleration

of the center of mass and the angular
acceleration of the ball about the contact point.

‘Using the Parallel Axis Theorem, we can

write:
I =1, +md’

2
= ng2 +mR”
7 Note: r, is the shortest distance between
= —mR” the “line of force” and point about which
5 torque 1s being taken . . .
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With the moment J 177¢77727 from the parallel axis theorem and the known
relationship between the angular acceleration and the acceleration of the center of
mass, we can write:

Z’L'p:

(mg)(R sinB) =1, o

= %g)ﬁsifle)= G?@) (}%/j

= — ~ gsin®
a = -gsin

We get the exact same answer , which makes sense as no matter what the
axis of rotation, the angular acceleration of the object about itself should be the
same.

The moral qf the stor Y 1s that in almost all of these problems, you can attack
from the perspective of the center of mass or from a fixed point, pure rotation

perspective.
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Atwood machine Jm'oﬁfem

‘A mass m, is attached to a rope that is threaded
over a massive pulley and attached to a second mass
m,. If the pulley’s mass is “M,” its radius “R” and its
moment of inertia about its center of mass is 0.5MR?2,
determine both the angular acceleration of the pulley
and the acceleration of each of the masses.

To start: think about what assumptions we made

in the past in order to do this problem. Why did we
do that? Can we still make those assumptions now?

= =~ =

= = =

m,
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To get a fee[ for the intricacies of this problem,

let’s do it first on the assumption the the pulley is
NOT massive. In that case, Newton’s Second
Law applied to each mass and we can write:

f.b.d.onm;:

So:

ZFLY

T-mg=m,a

= T=mg+ma
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= = = =

fodonm: |
T
lm,g
So:
ZFZ,Y
T—-m,g=-m,a m,

From tﬁeja 1’e.kus page.T=m,g+m,a Notice that we are able to assume the
SO W€ can write: tension on both sides of the pulley is the
same. This 1s the consequence of the fact
(T) —m,g=—m,a that the pulley 1s assumed to be mass/ess.

le that hadn’t been the case, a net
torque would have been required to make
— a= m, —1m, . the pulley rotate. That could only come if

m, +m, the tension forces on either side of the
pulley were imbalanced.

= (mlg + mla) —m,g =-m,a
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Now let’s look at the situation assuming the
pulley 1s massive. In that case, the only
difference is that the tensions are different on
either side of the pulley (this has to be so so the
torque sum about the pulley’s center of mass is
not zero). Writing, we get:

f.b.d.onm;:
A ml
Tl So:
ZFLY
tm,g T -mg=mga

= T, =mg+ma
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f.b.d. onm,: N

So:

ZF2,Y

T, —m,g=-m,a

= T,=m,g—m,a

At this Jaoint, we have three unknowns, the two tensions and the acceleration

“a.” We need another equation. ENTER SUMMING THE TORQUES ABOUT
THE PULLEY’S CENTER OF MASS.
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f.b.d. on pulley (ignoring
So: forces at the pin):
Has to be negative because
it’s rotating clockwise!
ZTC M-

TR-T,R=-1 a

(P

At this Jooint, we have FOUR unknowns, the two tensions, the acceleration “a
and the angular acceleration a. Once again, we need another equation. That
relationship connects the angular acceleration about the pulley’s center of mass to
the translational acceleration of a point on the pulley’s edge (this will be the same
as the translational acceleration of the string and, hence, the masses). In other

words, we need:

a_ =Ro

cm
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We now have four equations:

1, -mg=ma I, -m,g=-m,a
— T1 =m,g+ma Equ.A — T2 =m,g—m,a Equ.B
TR-TR=-1_a Equ.C a_. =Ra Equ.D

Suﬁstimtmg Equ. A, B and D into C, we get:

T R- T, R=- 1. a
(mlg + mla)R - (ng — mza)R = —(%MRZJ (%)
m,g —n,g

= a=
(m+m+ )
m, +m, +—

2

Note that with the exception of the presence of the “M” term, this is exactly the
same relationship you got with the massless pulley analysis. 35.)




General ﬂnformation

* Quiz 3 on rotational N2L and moment of inertia is on the xxx. On it, you
should be able to:

— Draw/label FBD for a rotating object

— Determine torque (using any method) about axis of rotation and sum
torques if needed (though you won’t be required to use one approach over
another, so get good with one approach and be prepared to use it!)

— Use N2L rotationally to solve for angular acceleration (X7 = Ia)
— If need be, use N2L translationally to solve for acceleration (ZF =ma)
— Know how to relate angular acceleration to translational acceleration

— Know how to find the moment of inertia for a point mass (mr?), or given
the moment of inertia for another object, use parallel axis theorem

— Basically, be able to solve a problem like one of the three we’ve done
in class (ball rolling down incline, rotating beam, Atwood machine).
You’ll see one of those three.
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